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V. CONCLUSION

We have presented a complete planar clock routing system called
ACTD, which is implemented by employing heuristic techniques. Our
first algorithm, called CLE routing, is implemented to solve the over-
lapping of clock net routing and prevent the crossing in the clock net.
The second algorithm, called POA routing, reconstructs the clock tree
using heuristics, to avoid obstacles with the scheme of changing tap-
ping points. We have validated our techniques experimentally using
test circuits. Future work includes extending the CLE routing and POA
routing approach to include well-balanced clock trees, since our cur-
rent implementation constructs a planar clock routing in the presence
of obstacles with allowing the path length skew. Extending our present
results to the minimum skew goal presents an intriguing direction for
future work. We expect that partitioning line adjustment based on the
weight of load and tapping point adjustment for a given planar clock
tree will help to minimize clock skew.
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Implicit Enumeration of Strongly Connected Components
and an Application to Formal Verification

Aiguo Xie and Peter A. Beerel

Abstract—This paper first presents a binary decision diagram-based im-
plicit algorithm to compute all maximal strongly connected components
(SCCs) of directed graphs. The algorithm iteratively applies reachability
analysis and sequentially identifies SCCs. Experimental results suggest that
the algorithm dramatically outperforms the only existing implicit method
which must compute the transitive closure of the adjacency-matrix of the
graphs. This paper then applies this SCC algorithm to solve the bad cycle
detection problem encountered in formal verification. Experimental results
show that our new bad cycle detection algorithm is typically significantly
faster than the state-of-the-art [1], sometimes by more than a factor of ten.

Index Terms—Bad cycle detection, binary decision diagrams, formal ver-
ification, strongly connected components, symbolic methods.

I. INTRODUCTION

Decomposing a directed graph (digraph) into its (maximal) strongly
connected components (SCCs) is a fundamental graph problem [2] and
has many important applications in computer-aided design. Generally
speaking, SCC decomposition often divides a digraph problem into
subproblems, one for each SCC. The solution to the original problem
can be constructed by combining the solutions to the subproblems,
sometimes with the aid of the component graph (i.e., the structure of
connections among SCCs).

Using an explicit data structure such as anadjacency-listor anad-
jacency-matrix[2], the decomposition of a digraphG(V; E) (with V
being the set of its nodes andE the set of its edges) can be done in linear
time (i.e.,O(jV j + jEj)) using a depth-first search [2], [3]. However,
in many real applications, the size of the digraph can be too large (e.g.,
with more than1020 nodes) for explicit methods to be practical. One
promising alternative is to use an implicit representation of the graph,
for example using binary decision diagrams (BDDs) [4]. Such implicit
representations are often dramatically smaller than their explicit coun-
terparts and facilitate graph algorithms on very large digraphs.

An implicit BDD-based method to find all SCCs in the reachable
state space of a finite state machine (FSM) is described in [5].1 . It first
implicitly computes the transitive closure of the state transition relation
of the machine, and then computes all SCCssimultaneously.2 We call
this method TC-based. In practice, however, despite the advantages of
the implicit data structures, computing the transitive closure has been
shown to be very computationally expensive in both CPU time and
memory.

This paper proposes an alternative implicit approach that is moti-
vated by related algorithms that identify only theterminalSCCs, i.e.,

Manuscript received January 28, 2000; revised May 5, 2000. This work is
supported in part by the National Science Foundation (NSF) under CAREER
Award MIP-9502386 and Award CCR-9812164, and in part by Semiconductor
Research Corporation (SRC) under Grant 98-DJ-486. This paper was recom-
mended by Associate Editor E. Cerny.

A. Xie is with Cadence Design Systems, Inc., San Jose, CA. 95134 USA.
P. A. Beerel is with the Electrical Engineering-Systems Department, Uni-

versity of Southern California, Los Angeles, CA 90089-2562 USA (e-mail:
pabeerel@usc.edu).

Publisher Item Identifier S 0278-0070(00)09153-3.

1The method serves as an intermediate step in finding a subclass of SCCs
called terminal SCCs in the paper.

2A similar idea is also exploited in [6] to find terminal SCCs of states in a
FSM.

0278–0070/00$10.00 © 2000 IEEE



1226 IEEE TRANSACTIONS ON COMPUTER-AIDED DESIGN OF INTEGRATED CIRCUITS AND SYSTEMS, VOL. 19, NO. 10, OCTOBER 2000

those from which no other SCCs can be reached [7]–[9]. These algo-
rithms, identify all terminal SCCssequentiallyby iteratively applying
reachability analysis [7]–[9], rather than extracting the terminal SCCs
from the set of all SCCs found using the above TC-based method.
Because implicit reachability analysis is much less computationally
expensive than implicitly computing the transitive closure and FSMs
often have a limited number of terminal SCCs, these algorithms have
been shown to be much more efficient than the TC-based method in
finding terminal SCCs.

In particular, this paper explores whether such a BDD-based reacha-
bility analysis approach can be extended to sequentially findall SCCs
(not just the terminal SCCs) of a digraph. This paper answers this ques-
tion in the affirmative by presenting an algorithm that recursively parti-
tions the digraph into subgraphs using reachability analysis and reduces
the SCC identification problem to individual subgraphs that are sequen-
tially analyzed. Experiments show that the algorithm is dramatically
faster and solves much larger problems than the TC-based method, es-
pecially when the graph has a small number of SCCs. In contrast, it
should be understood that this sequential approach will not work well
for digraphs containing numerous, very small SCCs. In fact, for such
graphs, explicit methods based on depth-first search may be more effi-
cient.

This paper also explores the application of our new SCC algorithm
to the bad cycle detection problem, encountered in many formal veri-
fication problems, stated as follows [10], [1]. Given a set of state sets,
calledcycle sets, determine if there is any reachable cycle of states that
is not contained in at least one cycle set. Such a cycle is called abad
cycle because it reflects a cyclic behavior that is unexpected and/or
unwanted. The current implicit state-of-the-art algorithm to solve this
problem is by Hardinet al.[1]. This method iteratively refines the set of
bad states usingover approximationsof SCCs. In contrast, we propose
to first use our new algorithm to find all SCCsexactlyand then verify
whether each SCC is contained in at least one cycle set. In particular,
there exists a bad cycle if and only if there exists an SCC that is not con-
tained in at least one cycle set. The key intuition behind this fact is that
the SCC itself forms a (possibly nonsimple) cycle that is not covered
by any cycle set. We present experimental results on VIS benchmark
examples that indicate our algorithm is generally much faster than the
algorithm in [1].

The remainder of this paper is organized as follows. Section II re-
views implicit representation of digraphs using BDDs, and summa-
rizes the TC-based method. Section III details our reachability-analysis
(RA)-based method. The performance of the two methods are com-
pared in Section IV. Section V describes its application to the bad cycle
detection problem and Section VI concludes the paper.

II. PRELIMINARIES AND THE TC-BASED METHOD

Let G(V; E) denote a digraph whereV is the set of its nodes, and
for any two nodesu; v 2 V; (u; v) 2 E iff there is an edge fromu tov.
A vector(v1; v2; . . . ; vn+1) of nodes is apathof lengthn � 1 (from
v1 to vn+1) iff (vi; vi+1) 2 E, for all i = 1; . . . ; n. Notice that in
contrast to some traditional definitions [2], we do not consider a vector
of length one to be a path. Nodev is reachablefrom u (denoted by
u v) if there is a path fromu to v. A (maximal)strongly connected
component(SCC) is a (maximal) subset of nodes where every pair of
nodes are reachable from each other. Below, when we say SCCs, we
refer to the maximal ones. We denote byA(G) the set of SCCs inG.
Notice that based on our definition of a path, a node may not be in
any SCC, which we refer to as a non-SCC node. All other nodes are
SCC nodes. This definition is convenient since in most applications we
are aware of these non-SCC nodes are not of interest. However, note

that all our definitions and proposed algorithms can be easily altered to
accommodate the more traditional definition.

Let the nodes be labeled with distinct numbers fromf1; 2; . . . ; jV jg.
The digraph can then be represented by an adjacency matrixMjV j�jV j

[2] whose elementM(u; v) is one if (u; v) 2 E, and zero other-
wise. The digraph may also be represented by a BDDN(X;Y ) by
encoding the rows and columns of its adjacency matrixM with two
sets of BDD variablesX andY . The BDDN(X(u); Y (v)) evaluates
to one ifM(u; v) = 1 whereX(u) andY (v) are the vectors encoding
the labels ofu andv, respectively. Details of BDDs and their common
operations can be found in [4]. For convenience, we sometimes use
nodeu to refer to the BDD encoding of its labeling.

The TC-based method first computes the transitive closure ofN ,
denoted byN�, by iteratively squaringN using standard BDD opera-
tions.3 By definition,N�(u; v) = 1 iff u v. The transpose ofN�

denoted byN�t has the property thatN�t(u; v) = 1 iff v u. Thus,
u andv; u 6= v belong to the same SCC iffN�(u; v)^N�t(u; v) = 1
[4]. Consequently, the union of all SCC nodes (denoted byH) can be
computed asH(X) = 9YN

�(X;Y ) ^ N�t(X;Y ), where9Y de-
notes BDDexistential quantification over variable setY [4]. Note that
existential quantification of a BDDB over a variabley reduces to a
disjunction as follows:9yB(y) = B(0)_B(1). Moreover, existential
quantification of a BDDB over a set of variablesY is the disjunction
of the existential quantifications ofB over all variablesy 2 Y [4].
Finally, the SCC containing a particular nodev can be computed as
9YX(v) ^ N�(X;Y ) ^ N�t(X;Y ).

III. T HE RA-BASED METHOD

Computing the transitive closure of the adjacency-matrix of a di-
graph as required by the TC-based method is equivalent to computing
the reachability set of every node (the set of nodes reachable from the
given node). Our method which is based on reachability analysis (the
RA-based method below) needs to compute the reachability sets of po-
tentially very few nodes. To better describe our method, we need to
introduce a few notations related to reachability sets and several prop-
erties of such sets.

A. Forward and Backward Sets

The forward setF (v) of a nodev 2 V is the set of nodes reachable
from v. That is,F (v) = fu 2 V j v ug. Similarly, its backward
setB(v) is the set of nodes that can reachv. That is,B(v) = fu 2 V j
u vg. One of the properties ofF (v) andB(v) is given in Lemma
3.1, which states that the intersection of the two sets (if not empty) is
an SCC. Additionally,v is a non-SCC node if the intersection is empty.

Lemma 3.1 [7], [9], [8], [6]: If v is a node ofG(V;E), thenF (v)\
B(v) 2 A(G).

A subsetU � V is SCC-closedif no SCC intersects with bothU
and its complementV nU . That is, any SCC must be either completely
contained in such a set or they do not overlap.

Lemma 3.2: Both backward and forward sets of any node are SCC-
closed.

Proof: Since a digraph and its (edge-) reversed graph have the
same set of SCCs, we just need to show that any backward set is SCC-
closed. Consider a nodeu, and assume its backward setB(u) is not
SCC-closed. Thus, there is a nonempty SCC, sayA such thatA \
B(u) 6= ; andAnB(u) 6= ;. Let x andy be any nodes ofA \ B(u)
andAnB(u), respectively. Sincex andy are nodes ofA; y must be
a node ofB(x). Moreover, sincex is a node ofB(u); B(x) � B(u)

3Note that symbolic iterative squaring does not directly take advantage of the
sparse nature of the graph often used in explicit methods.
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Fig. 1. A digraph and its decomposition.

[7]. Thus,y is a node ofB(u), which meansAnB(u) � B(u). The
latter can be true only ifA � B(u) orA = ;, which contradicts the
assumption.

Theorem 3.1: The difference of the backward sets of any two nodes
is SCC-closed.

Proof: Let u andv be any two nodes. Without loss of generality,
let us prove the differenceD = B(v) n B(u) is SCC-closed. IfD =
B(v) orD = ;, the result is trivial. Now supposeD 6= B(v) andD 6=
;, but it is not SCC-closed. Then, there must be an SCC, sayA such
thatA\D 6= ; andA nD 6= ;. SinceB(v) is SCC-closed by Lemma
3.2, we haveA � B(v) and, thus,A n D � B(v). Consequently,
; 6= A nD � B(v) nD � B(u). Therefore,A\B(u) 6= ;. Besides,
; 6= A \D = A \ (B(v) nB(u)) � A \ (V nB(u)) = A nB(u).
Hence,B(u) is not SCC-closed. This contradicts Lemma 3.2.

Remark: By similar arguments, one can show that the difference of
any two ofB(u); B(v); F (u) andF (v) is SCC-closed, and more gen-
erally, that the difference of any two SCC-closed sets is SCC-closed.

Example: In the digraph shown in Fig. 1(a),B(3) = f1; 2; 3; 5; 6g;
F (3) = f3; 4; 8g, andB(4) = f1; 2; 3; 4; 5; 6; 7; 8g. From Lemma
3.1,B(3) \ F (3) = f3g is an SCC. From Lemma 3.2,B(3) is SCC-
closed. Moreover, the differenceB(4)nB(3) = f4; 7; 8g is also SCC-
closed from Theorem 3.1.

B. The Algorithm

Lemma 3.2 and Theorem 3.1 suggest that a digraph may be first par-
titioned into backward sets (or differences of backward sets) of some
of its nodes, and then the computation of SCCs of the graph can be
restricted to each of the partitions. This leads to a divide-and-conquer
strategy. For instance, the digraph in Fig. 1(a) can be partitioned into
B(3) andB(4) n B(3), which reduces the problem to finding SCCs
within the two subsets independently, as illustrated in Fig. 1(b).

Because a digraphG and its transposeGt (the graph obtained by
reversing all the edges ofG) has the same set of SCCs [2], the above
divide-and-conquer strategy may also be carried out in terms of for-
ward sets. In fact, the partitioning is also possible to be carried out
by interleaving the computation of backward sets and forward sets.
However, our experience shows that none of these three different par-
titioning schemes leads to a significant advantage over the others. For
this reason, we focus on explaining the algorithm based on the back-
ward-set partitioning scheme. We note that the above divide-and-con-
quer strategy may also be implemented using an explicit data structure,
but would be impractical for large graphs as in the explicit depth-first-
search algorithm.

At the top level, the algorithm first picks a node from the set of re-
maining nodes (the entire setV at the beginning), computes its back-
ward set restricted to the remaining nodes, and then decomposes the
backward set into SCCs and a set of non-SCC nodes. This process re-
peats until the remaining set of nodes is empty.

The procedure is formally described in Fig. 2. In the algorithm,
function random take(V 0) randomly picks a node from the set

Fig. 2. The top-level algorithm.

Fig. 3. Computing the predecessors with finite maximum distance.

V 0. Function backward set(v; V 0; N) returns the backward set
of v restricted to set V 0, which can be implemented efficiently
using a fixed-point computation [11]. The remainder of this section
explains the core procedureSCC DECOMP RECUR(v;B(v);N) which
recursively decomposesB(v) into SCCs and a set of non-SCC nodes.

To describe the procedureSCC DECOMP RECUR, we introduce a con-
cept of predecessors with finite maximum distance, also referred to
asFMD predecessors. A nodeu is an FMD predecessor of nodev if
any path fromu to v has finite length. That is to say, any path from
u to v must not pass any SCC. A necessary condition for this is that
u must be a non-SCC node. The set of FMD predecessors of a set of
nodesW is denotedFMD PRED(W ). As an example, in Fig. 1(b),
FMD PRED(f3g) = f1; 2g. Node 5 is not a FMD predecessors of
node 3 because it may pass the SCCf6g to reach node 3.

Fig. 3 gives an implicit algorithm that iteratively computes the set
FMD PRED(W ) restricted to a setU given the digraph representa-
tionN . The algorithm uses an upper bound of the set of FMD predeces-
sors calledboundthat is initialized toU . In each iteration it computes
front, the subset of nodes inboundthat areimmediateFMD predeces-
sors of thefront computed in the previous iteration, wherefront is first
initialized toW: In other words, in each iteration,front is updated to be
the subset of nodes inboundthat can in one step reach (the previously
computed)front but notbound. Moreover, in each iteration,front is
added to the set of currently identified FMD predecessorspred(which
is initialized to be empty) and removed frombound. The iterations stop
whenfront is empty at which timepredis returned. Note that in the al-
gorithmpre(S) denotes the immediate predecessors of a set of nodes
S and is easily implemented using basic BDD operations using the di-
graph representationN .

Example: Consider the computation ofFMD PRED(f3g) in
Fig. 1(b) restricted to the setU = f1; 2; 5; 6g. Initially, bound is
initialized to U and front is initialized to f3g. In the first iteration
of the while loop,front is updated to be the set of node that can
immediately reachf3g but no node inU , i.e., front is set to bef2g.
Notice that node 2 is a FMD predecessor of node 3. Moreover, notice
that node 6 is not in this set because although it can immediately reach
node 3 it can also reach itself which is inU . After removingfront
from boundand addingfront to the set of FMD predecessorspred, a
second iteration is initiated. In this iteration,front is updated to bef1g
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Fig. 4. Recursive decomposition of a backward set.

because node 1 is the only node that can both immediately reachf2g
(the previously computedfront), but reach no other node inbound. In
particular, node 5 is excluded fromfront because it can reach node 6
in bound. After again updating the variables, the third iteration finds
no node that can reachf1g which terminates the algorithm, yielding
the final set of FMD predecessors to bef1; 2g, as desired.

The recursive procedureSCC DECOMP RECUR(v; B(v); N) works as
follows. It first computes the forward setF (v) of v restricted toB(v).
If F (v) is not empty, then it is an SCC due to Lemma 3.1. Otherwise,
nodev is a non-SCC node. In either case,F (v) _ v can be removed
fromB(v) from further consideration. Next, the FMD predecessors of
F (v)_v is computed, and are subsequently removed from further con-
sideration. Then, from the remaining set of nodes, the procedure com-
putes the set of immediate predecessors (IP) of these already removed
nodes. To decompose the remaining set of nodes, a nodeu is randomly
picked from the IP set and its backward setB(u) is computed. The
procedure then calls itself to decomposeB(u). After it returns,u and
B(u) are removed from the remaining set of nodes and the IP set is
updated. If the remaining set of nodes is not empty, another nodew is
picked up from the updated IP set, and its backward setB(w) is re-
cursively decomposed. This process repeats until the remaining set of
nodes is empty. A formal description of the procedure is given in Fig. 4.

Example: In Fig. 1(b), a call toSCC DECOMP RECUR(3; B(3);N)
first computesF (3) restricted toB(3) by computingforward set

(3; B(3);N), and reports the resultF (3) \ B(3) = f3g to be an
SCC. Next, it computesFMD PRED(f3g;f1; 2; 5; 6g; N) = f1; 2g,
as described above, which is reported to be a set of non-SCC nodes,
and the IP set is computed to bef5; 6g. At this point, the procedure
has reduced the problem to decomposing the digraph in Fig. 1(c).
Suppose node 6 is picked from the IP set, the procedure calls
SCC DECOMP RECUR(6; B(6);N) which, in this case, leaves no more
nodes to be decomposed when it returns.

C. The Complexity

As shown in Fig. 4, procedureSCC DECOMP RECUR performs
a constant number of reachability analyzes before it calls itself.
Each reachability analysis must have completed inO(D) BDD
operations whereD is the diameter of the graph. Since a call to
SCC DECOMP RECUR removes at least one node from further consid-
eration,SCC DECOMP RECUR(v; B(v);N) cannot call itself for more

TABLE I
THE EXPERIMENTAL RESULTSWHERE jV j IS THE NUMBER OF REACHABLE

STATES, jV j DENOTES THENUMBER OF STATES BELONGING TO SCCs,
mo DENOTESMEMORY OUT AND to DENOTESTIME OUT AFTER

1 HOUR OFCPU TIME

than jB(v)j times. Thus, a trivial upper bound on the complexity
of our algorithm isO(jV j � D) in BDD operations. Notice that
this is larger than theO(V + E) complexity of explicit methods
using depth-first search. Moreover, a single BDD operation may be
dramatically more expensive than a single operation on an explicit
data structure. Consequently, in some cases, BDD-based methods can
be more expensive than explicit methods. That said, our experimental
results suggest that the typical run-time of our algorithm is much
better than this worst case complexity analysis suggests.

IV. EXPERIMENTS

We have implemented both TC-based and RA-based methods with
vis-1.3 [12]. In particular, the transitive closure of the adjacency-
matrix of the graph is implicitly computed by iteratively squaring the
matrix. This section compares their performance using the examples
distributed with thevis-1.3 package each of which specifies a FSM.
The methods are used to compute the SCCs in the reachable state space
of the FSMs. The package is run on a Sun Ultra 10 with 640 Mbytes of
memory. Table I gives the experimental results of a representative set
of the examples.

Since the TCmethod simultaneously computes all SCCs, we report
its run time as soon as it computes the transition closure of the adja-
cency-matrix and ANDs the transitive closure with its transpose. That
is, the time to list all the SCCs is not included in the reported run times
of the TC method.

As shown in the Table, the TC-method solves only a few small exam-
ples whereas our RA-based method solves most of them. Even for those
solved by the TC-based method, the RA-based method is faster by or-
ders of magnitude. These results are reflective of the fact that the BDD-
based method for computing the transitive closure [12] is typically
much more expensive than the BDD-based methods for reachability
analysis. The RA-based method does particularly well in those exam-
ples whose state space contain only one SCC. This scenario seems to
occur often, potentially because many hardware circuits have a built-in
reset signal which implies that the reachable state space is an SCC.

Our RA-based method runs out of time in the last two examples for
different reasons. In the8-arbit example, the reachability analysis we
perform starting from a randomly selected state takes an excessively
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long time, despite the fact that analysis from the large set of given ini-
tial states is relatively quick. This difference may be due to the fact
that our method may be searching longer sequences of states and/or
because the intermediate BDD obtained during our search fromindi-
vidual random states may be bigger than those obtained during reacha-
bility analysis fromall given initial states. In the last example,tcp, the
RA-based method times out because the example has too many SCCs
that must be reported, highlighting a key limitation of our sequential
search strategy. Note also that for examples that have relatively small
number of nodes and many SCCs (e.g., theelevatorexample), explicit
methods might be more efficient than our RA-based symbolic method.
However, for very large examples, explicit methods are simply not ap-
plicable.

V. APPLICATION TO THEBAD CYCLE DETECTION PROBLEM

The bad cycle detection problem encountered in many formal veri-
fication tasks is stated as follows. Given a set of state sets, calledcycle
sets, determine if there is any reachable cycle of states that isnot con-
tained in at least one cycle set. Such a cycle is called abad cyclebecause
it reflects a cyclic behavior that is unexpected and/or unwanted. States
in any bad cycle are referred to asbad statesand the set of all bad states
is denotedSB .

The current implicit state-of-the-art algorithm to findSB is by
Hardin et al. [1]. They observed that a cycle is bad if and only if it
touches the complements of all cycle sets. First, for each complement
ci of each cycle setci, they compute the the intersection of its back-
ward and forward setsF (ci) \ B(ci). For all i, theith intersection is
a superset of all the SCCs that intersectci and therefore must contain
all bad states, i.e.,SB . They then take the intersection of all these
supersets and observe that the result must still be a superset of all bad
states. From this intersection, they iteratively remove states that either
do not have a predecessor or do not have a successor that is not in
this set, since these states cannot be part of a bad cycle. This yields a
refined superset ofSB denotedŜB . They then restrict all complement
sets toŜB and repeat the entire procedure. The iteration terminates
whenŜB = ;, in which case there is no bad cycle, or whenŜB does
not change from one iteration to the next. In the latter case,ŜB = SB .

In contrast, we propose to first find all SCCs (exactly) and then verify
whether each SCC is contained in at least one cycle set. In particular,
there exists a bad cycle if and only if there exists an SCC that is not
contained in at least one cycle set. The key intuition behind this fact is
that if an SCC exists that is not contained in at least one cycle set, then
the SCC itself forms at least one (possibly nonsimple) cycle that is not
covered by any cycle set.

For comparison, we implemented both algorithms withvis-1.3

and tested them on a number of the example circuits included in the
vis-1.3 package. Following the experimental setup proposed in [1],
we created two versions of the cycle sets. The first cycle set version
consists simply of the set for SCCs in the reachable state set. This
version creates a passing example for the bad cycle detection problem
because all cycles are contained in at least one cycle set. The second
cycle set version is created from the first by removing one of the cycle
sets which creates a failing example. For each failing example, we cre-
ated two experimental setups. The first in which all bad cycles were
detected, referred to asfail-all , and the second when the algorithm is
terminated as soon as one bad cycle is detected, referred to asfail-one.
The fail-one algorithm will terminate no later than the fail-all algo-
rithm and the difference is determined by the order of SCCs explored.
For this reason, we randomly chose the removed cycle set over ten dif-
ferent times and averaged the run-times for both algorithms. Moreover,
for each example, we report the average number of iterations needed
by Hardinet al.’s algorithm.

TABLE II
SPEEDUP OFOUR NEW BAD CYCLE DETECTION ALGORITHM OVER THE

STATE OF THE ART [1]

Table II gives the speedup of our algorithm over Hardinet al.’s. Note
that the speedup is generally higher when the (average) number of iter-
ations used by Hardinet al.’s algorithm is large. This is to be expected
because each iteration of Hardinet al.’s algorithm has a similar amount
of computation as does our entire algorithm, particularly in systems
with small numbers of SCCs. In fact, even for systems with large num-
bers of SCCs, such as the exampledcnew, our algorithm still signifi-
cantly outperforms Hardinet al.’s algorithm. We also note that because,
like ours, Hardinet al.’s algorithm avoids computing the transitive clo-
sure of the state space, both algorithms use comparable amounts of
memory.

Finally, we point out the existence of a dual of our algorithm that
also uses the observation that a reachable cycle is bad if and only if
it intersects with the complements of all cycle sets. The idea is to use
the new SCC algorithm to first identify all SCCs that intersect with the
complement of the first cycle set. Then, verify whether any such SCC
intersects with all remaining complement sets. If such an SCC is found,
it forms a bad (possibly nonsimple) cycle. Otherwise, no bad cycle
exists. Moreover, heuristics can be used to guide the choice of the first
cycle set to improve the run-time. We do not present the run-time results
of this dual algorithm since its implementation yielded no significant
run-time differences from the proposed algorithm.

VI. CONCLUSION

Computing SCCs of a directed graph is a generic graph problem. For
this purpose, we have proposed an implicit algorithm using BDDs. The
method iteratively applies reachability analysis and computes SCCs
sequentially. It has been used to compute the SCCs in the reachable
state space of a set of FSMs. Compared with an existing symbolic
method which requires the transitive closure of the adjacency-matrix
of the graph, our method is shown to be much faster, requires much
less memory, and consequently solves much larger problems.

We applied our algorithm to thebad-cycle-detectionproblem [10],
[1]. Our experimental results on a number of VIS benchmarks indi-
cate that our approach is significantly faster than the state-of-the-art
described in [1].

Finally, we observe that when there are excessive SCCs, our
approach may not complete in a reasonable amount of time. Conse-
quently, as future work, it might be interesting to explore a hybrid
approach between our RA-based method and the TC-based method,
which may simultaneously find multiple SCCs of relatively small size
without computing the transitive closure of the entire graph.
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